Abstract-Nonlinear spectroscopic experiments were performed on a quantum well in a reflective pump-probe geometry, detecting weak four-wave mixing signals copropagating with the excitation pulses. By demodulating the nonlinear response at unconventional frequencies, we were able to isolate individual terms contributing to the nonlinear signal. Signal components linear in the electric field amplitudes of excitation pulses exhibit unusual properties compared with more familiar signals that are linear in excitation pulse intensities. The isolated signal terms may be used to perform multidimensional spectroscopic measurements to completely characterize the phase and amplitude of the nonlinear response.
I. INTRODUCTION

N
ONLINEAR laser spectroscopy is a common tool to investigate dynamics in a broad range of systems. Four-wave mixing (FWM) techniques have been used, for example, to measure exciton correlations [1] - [3] , biexciton effects [4] - [6] , Raman coherences [7] , residual Coulomb couplings [8] , [9] , polariton dynamics [10] , and other processes in semiconductor systems, as well as applications in chemical and biological condensed matter systems, and in the gas phase. Though some methods detect fluorescence [11] , [12] , FWM techniques usually measure a transmitted intensity. The nonlinear polarization induced in transmission geometries exhibits favorable phase-matching with the excitation beams, which does not occur in reflection FWM measurements [13] . However, many interesting effects can only be probed in reflection, where the resulting nonlinear signals are generally much weaker. Of particular interest are experiments on nanostructures, such as studies of exciton-surface plasmon polariton hybrid modes [14] - [16] . New, sensitive methods are needed to measure weak nonlinear signals, such as those emitted by these systems.
We used a new modulation-demodulation scheme in a three pulse experiment to observe weak FWM signals copropagating with intense excitation pulses in a pump-probe reflection geometry, demonstrating this method on a semiconductor exciton resonance. The improved noise rejection of this scheme made it possible to detect weak signals that could not be resolved with conventional sum or difference Additional polarization, dichroic, and focusing optics omitted for clarity. BS are beamsplitters. AOMs are labeled with their intensity modulation frequencies, are RF combiners, QW is a quantum well sample, SPEX is a monochromator, PD is a photodiode, RF xtal labels crystal radio frequency references, DDS labels synthesized frequency sources. frequency lock-in measurements. Substantial differences were revealed between homodyne and homotime [17] signals, which were separated based on their dependence on either linear or quadratic powers of the excitation field amplitudes [18] - [25] . Signal components measured with an unconventional demodulation scheme contain the optical frequency information necessary for optical phase-sensitive measurements like multi-dimensional Fourier transform spectroscopy.
II. EXPERIMENTAL
A third-order nonlinear experiment was performed using an ultrafast Ti:Sapph laser to excite a direct gap semiconductor quantum well (Fig. 1) . A copropagating HeNe laser was used to actively stabilize a Mach-Zehnder interferometer [26] - [28] that produced a collinear pump pulse pair with high phase stability. A third beam path generated a probe pulse. Acousto-optic modulators (AOMs) in the three beam paths 0018-9197 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
modulated the powers and phases of the Ti:Sapph pulses. Waveplates, polarizers, and precision stages were used to adjust the powers, polarizations, and arrival times of the three pulses. The probe beam co-propagated with the nonlinear signal after reflection from the sample; this beam was collected, spectrally analyzed with a monochromator, and its intensity was measured with a photodiode. We call the delay between the pump pulses τ , and the delay between the second pump pulse and the probe pulse T . The pump and probe beams all had the same power; the probe is referred to as such only because of the experiment geometry.
To detect weak signals, AOMs were used to modulate the excitation beam intensities at higher frequencies than mechanical choppers can access, shifting the detection bandwidth to a higher frequency where the 1/ f noise power integrated into the measurement was reduced.
First, two-pulse measurements were performed to characterize the quantum well sample. Differential reflectivity (dR) was measured using the probe beam, intensity modulated at f pr , and a pump beam from one interferometer arm, intensity modulated at f pu ( Fig. 2.a) , with the signal demodulated at f pu − f pr . Oscillations were observed in time domain dR signals as T was scanned through a few picoseconds ( Fig. 2.b ), but dR does not separate population dynamics from dephasing.
To do so, we attempted to measure three pulse FWM [29] , [30] in a reflection geometry [13] using the probe beam pulses and the pump pulses from both arms of the interferometer. It proved impossible to resolve a FWM signal above the noise floor when intensity modulating any two of those three excitation beams and demodulating at the difference frequency; this suggested that a triple modulation scheme was necessary. The probe beam was intensity modulated at f 1 , while the interferometer AOMs were multiplexed to simultaneously diffract the pulsed Ti:Sapph beams intensity modulated at f 2 and f 3 and diffract the unmodulated co-propagating cw laser used for active feedback stabilization [31] . The reflected probe and co-propagating signal were collected and spectrally analyzed. Their combined intensity was measured with a photodiode, amplified, then demodulated with a lock-in amplifier. After unexpected results from autocorrelation calibration measurements performed with atypical lock-in reference frequencies [32] , we tested several demodulation frequencies for the FWM signal. We found significant differences in the signals resulting from what we call conventional intensity demodulation and what we call hybrid amplitude-intensity demodulation schemes.
In the conventional scheme the nonlinear response, driven by excitation beams intensity modulated at f 1 , f 2 , f 3 , is demodulated with a lock-in reference synthesized at ± f 1 ± f 2 ± f 3 ( Fig. 3.a) . The resulting signal is plotted as a function of τ for two values of T at the heavy-hole exciton peak wavelength of 799.4nm (Fig. 3.b) . The FWM signal, slowly oscillating at a frequency determined by the splitting between the light and heavy hole excitons while decaying with a time constant determined by the dephasing rate, is superimposed on a large, non-trivial background curve driven by pairwise pulse excitation -colloquially, the FWM signal is superimposed on a pump-probe signal. Moving the probe to greater T somewhat separates the combined dynamics, but the feature centered at τ = 0 ps is nonetheless distorted by the population dynamics. It may be possible to subtract this background from FWM signals of interest, but such data manipulation is better obviated by improved experimental design. More importantly, that background makes it impossible to perform any experiments at small or zero population waiting times T . In those cases, the FWM feature and the coherent portion of the background signal would overlap and would not be separable. This would prevent any study of coherent quantum dynamics occurring during the early times of the population period T . Furthermore, the homodyne signal demodulated with the conventional intensity detection scheme lacks any information at optical frequencies, despite using an interferometrically stabilized apparatus for the FWM experiment. This shortcoming makes the homodyne measurement of limited use for techniques that depend on the FWM signal's optical phase, such as multidimensional Fourier transform spectroscopy. (a) Conventional intensity modulation-demodulation scheme for time-resolved FWM measurement and (b) FWM signal measured at 799.4nm for T = 2ps (upper trace) and T = 5ps (lower trace, offset by 15). In both conventional measurements, the underlying population dynamics complicate interpretation of the FWM signal, which does not contain any optical frequency information. T = 0ps measurements are impossible, since the oscillatory part of the pump-probe signal will be superimposed with the FWM peak. An identical FWM experiment was then performed using the hybrid amplitude-intensity detection scheme. With a lockin reference frequency synthesized at Fig. 4.a) , the demodulated signal contained information at the optical frequency. Beating between the two exciton resonance frequencies is visible, modulating the decay of the FWM emission that occurs due to dephasing. The signal is background-free, contains optical frequency information, and does not restrict the accessible T times (Fig. 4.b) . This isolated homotime signal, detected using a non-standard demodulation scheme, provides substantial advantages for nonlinear spectroscopy applications.
III. DISCUSSION
In the pump-probe geometry, phase matched FWM emission copropagates with one of the three pulses that excited it. After reflection of the probe and emission from the sample, the combined intensity can be represented by
where the signal electric field E sig depends on the pulses E 1 , E 2 , E 3 that excited the nonlinear response, and can be expressed
The coefficient ζ is an integral expression describing the light-matter coupling for the excited system. For simplicity we neglect the phase between the probe reflected off the sample front surface and FWM emitted from polarization induced within that sample in the 2ζ |E 2 | |E 3 | |E 1 | 2 term. The |E 1 | 2 term is the probe background intensity level.
2 term is the FWM homodyne signal. It is linear in the intensities of each of the three excitation beams, and quadratic in the coupling proportionality constant. The 2ζ |E 2 | |E 3 | |E 1 | 2 term resembles a heterodyne term. That nomenclature is somewhat inaccurate, however, because this measurement lacks the extra 'knob' of a heterodyne: the power of the local oscillator (the probe beam) cannot be adjusted to amplify this interference term without also changing the intensity of one of the excitation beams (that same probe beam), changing the excitation conditions in the sample. This term could be called a self-heterodyne signal, but has elsewhere been named a homotime signal [17] . Like the homodyne term, it is linear in the probe intensity, but the homotime signal is only linear in the electric field amplitudes of the two pump pulses.
The dependence of the nonlinear signal components on different powers of the excitation electric fields permits the isolation of these terms from one another by demodulating the measured photovoltage at appropriate frequencies [31] , [32] . Trivially, the probe background signal ∝ |E 1 | 2 will be filtered out of lock-in measurements using demodulation frequencies that depend on f 2 or f 3 , since the component of the photovoltage ∝ |E 1 | 2 will not maintain a constant phase relationship with such a reference. The homodyne signal can be measured using the familiar method of difference-or sum-frequency lock-in detection, using f re f = ± f 1 ± f 2 ± f 3 (Fig 3.a) to demodulate the fraction of the photovoltage proportional to the (ζ |E 1 | |E 2 | |E 3 |) 2 component (Fig 3.b) , oscillating at
Less familiar is the demodulation scheme we use to isolate the homotime signal component, which depends on the asymmetry in that term's dependence on the pump and probe electric fields. Since an intensity modulation at some f corresponds to modulation of the electric field amplitude at f /2, we can isolate this term, linear in the pump pulse amplitudes, by using a reference at half the pump modulation frequencies. Hence, the homotime term that varies at
can be demodulated at f re f = ± f 1 ± f 2 /2 ± f 3 /2. We note that this measurement principle should be extensible to other nonlinear measurements -that a multiperiodic signal depending on the product of several excitation fields with different exponents can be term-wise separated by a phase-sensitive measurement that maintains a constant phase relationship between specific signal terms and a reference determined by the powers of those various excitation field amplitudes.
The demodulated homotime term contains information unavailable with the conventional intensity modulation homodyne measurement. The homodyne signal depends on ζ 2 , while the homotime signal is linear in the coupling constant and can therefore discriminate the sign of ζ . The homotime signal contains information at the optical frequency, and can therefore be used directly to perform multidimensional Fourier transform experiments with inherently correct placement of features in a frequency-frequency space (Fig. 5.a) -in contrast to the homodyne measurement, which locates its information in a single frequency component more susceptible to 1/ f noise (Fig. 5.b) . The homotime signal is background free and lacks the skewness that distorts the conventional intensity modulation signal. A measurement of the dephasing rate in a hybrid amplitude-intensity detected experiment will not be artificially broadened by convolution with the coinciding population dynamics of homodyne measurements. The hybrid scheme avoids any post-measurement analysis and manipulation that would be necessary to interpret data from a conventional intensity detected experiment and, more importantly, permits access to arbitrary T delays. the hybrid amplitude-intensity modulation-demodulation scheme, isolating the homotime term, or (b) the conventional intensity modulation scheme that demodulates the homodyne term. The homotime measurement has components at the light and heavy hole exciton peak wavelengths at 793.6nm and 799.4nm ((a), inset) and is well separated from the 1/ f noise feature. The homodyne measurement contains an oscillatory component only at the frequency of the exciton energy difference ((b), inset); the relatively small magnitude of the exciton splitting compared to the optical frequency superimposes that signal on a region of the power spectrum dominated by 1/ f noise that distorts the homodyne measurement.
The hybrid amplitude-intensity scheme treats the three pulses on an unequal footing, corresponding to the different roles of the pump pulses -which only excite the nonlinear polarization -and the probe, which excites the nonlinearity and interferes with the resulting emission. In a completely collinear geometry where all three pulses would copropagate with the nonlinear emission and there is no pump-probe asymmetry, it should be possible to isolate multiple homotime interference signals using appropriately synthesized demodulation frequencies, f re f = ± f 1 ± f 2 /2 ± f 3 /2 demodulating 2ζ |E 1 | 2 |E 2 | |E 3 |, and so on, where the non-halved frequency corresponds to the term depending on intensity rather than amplitude. There are three homotime terms that could be simultaneously demodulated in a collinear experiment, providing internal consistency checks and increasing the precision of nonlinear measurements. Our experience with the partially collinear experiments suggests that it will not be difficult to detect these signals in a collinear geometry. In the current experiment, we have been able to detect extremely weak reflection FWM signals co-propagating with strong backgrounds, and have increased the probe power to equal the pump pulses, optimizing the FWM strength [33] -about a factor of 20 increase -with no detrimental effect on the signal. This suggests that further increasing the background by a factor of three when shifting to a collinear geometry would not cause significant problems for this detection scheme. Conventional difference or sum frequency detection in the completely collinear measurement would demodulate another homodyne signal, ζ 2 |E 1 | 2 |E 2 | 2 |E 3 | 2 , which again lacks the useful information available in the homotime measurement. These hybrid amplitude-intensity measurement techniques may find application in a range of experimental geometries where weak nonlinear signals co-propagate with one or more of the excitation beams.
A vital precursor to the experiments described in this paper can be found in heterodyne detected pump-probe [34] - [37] and FWM measurements [18] - [23] performed in a collinear geometry. Rather than exploiting wave vector phase matching to spatially filter a signal from the excitation pulses [38] , those experiments demonstrated an analogous temporal phase separation of the nonlinear signal from the co-propagating fields. A tuned receiver isolates the interference between a frequency shifted local oscillator and a nonlinear signal that inherits a frequency shift from two interactions with a frequency shifted pump pulse. While the excitation fields can be chopped and the receiver output demodulated to boost signalto-noise, the heterodyne pump-probe/FWM detection principle itself depends on the temporal phase shift the fields acquire from the AOMs. In contrast, the hybrid, homotime detection scheme described here makes use of something like an AM analogue to that FM heterodyne detection, since it demodulates a particular component of a multiperiodic nonlinear signal excited by a number of amplitude modulated pulse trains.
The FWM experiment in this paper makes a trivial technical improvement on prior heterodyne FWM measurements by using three excitation pulses instead of two, permitting separation of coherent dynamics from population decay [29] , [30] . As a result of this change, a potentially confusing similarity appears between the heterodyne FWM and hybrid schemes. Heterodyne FWM uses a receiver tuned to 2 pump − re f , seemingly analogous to the asymmetric demodulation frequency used in the hybrid scheme homotime measurements. That frequency is chosen to isolate a beat note between the local oscillator -shifted from ω 0 to ω 0 ± re f -and the nonlinear signal, which, in the language of a semi-classical perturbation treatment, has interacted once with the unshifted probe pulse and twice with the pump, evolving at ω 0 ±2 pump . This two-interaction second harmonic demodulation has also been exploited in a loss detection scheme used to measure twophoton absorption [24] . In contrast, the homotime experiment in this paper demodulates a signal at f re f = ± f 1 ± f 2 /2± f 3 /2 that treats the three excitation pulses on an equal footing, each contributing ± f i /2 to the reference frequency, but with an additional term ± f 1 /2 added to the reference to account for its second role as the homotime equivalent of a local oscillator. In the perturbation language each pulse interacts only once with the sample, the asymmetry in the demodulation frequency arises as a result of measuring the homotime beat between the signal and probe pulses, and the half frequencies as a result of demodulating terms proportional to field amplitude rather than intensity. Prior application of heterodyne detection to separate specific signal contributions [23] further suggests using this hybrid scheme to isolate signal components in collinear experiments. In such experiments it may be possible to isolate particular terms from a nonlinear signal by analyzing the multiperiodic signal's functional form and selecting an appropriate demodulation frequency [32] . The immediate, significant drawback of our scheme is that it requires interferometric stability between pump pulses to measure the high frequency oscillation; this complication is avoided in heterodyne measurements that extract substantial information from a signal driven by two interactions with a single pump pulse.
For our present purposes, the most important difference is that the hybrid, amplitude modulated, homotime measurement avoids averaging out-of-phase contributions to the signal [18] , which results in the loss of signal information evolving at the optical frequency. Interference effects in heterodyne measurements are downshifted to the difference frequencies between the resonances. For relatively simple systems with only a few energetically separated states, such at the semiconductor quantum well studied here, the downshifted heterodyne measurements are an ideal tool -but if there are more than a small number of sharply resolved states, it may become difficult to interpret the energy structure encoded in the signal beating. By directly measuring resonances at their optical frequencies instead of downshifting them, the homotime scheme automatically places features at their actual spectral locations. This is advantageous for sophisticated spectroscopic techniques like multi-dimensional Fourier transform spectroscopy, which has recently been demonstrated in a reflection geometry [39] - [41] ; using a detection scheme based on these reflection mode experiments may permit us to perform multidimensional measurements without the complications of an additional heterodyne beam and with the advantage of automatic phasing of the nonlinear response [17] . Using a completely collinear geometry with this detection scheme may make it possible to perform 2dFTS measurements on single quantum emitters that are not easily probed in transmissionor this technique could be immediately adapted to the relatively simpler transmission geometry experiments, where it may greatly enhance signal-to-noise or permit isolation of specific signal pathways.
A number of refinements to spectroscopic techniques have already been used to resolve weak nonlinear optical signals in multidimensional Fourier transform methods (see, for example [42] - [47] ). Noise reduction is vital to multidimensional spectroscopy where artifacts may stymie correct signal phasing or be incorrectly identified as significant spectral features like oscillating cross-peaks [47] . Substantial effort has been applied to the problem of subtracting incoherent scatter from measurements, while fewer techniques have modulated excitation beam intensities [47] to improve signal-to-noise -modulation with AOMs may prove difficult in experiments with extremely broadband pulses, but dispersion can be managed in many cases of interest. Phase modulation to remove artifacts that do not obey the correct relationship with the phase of the excitation beams is much more widely explored [11] , [12] , [48] - [52] than amplitude modulation -but AOMs are an appealing technology that provide amplitude and phase control.
Augulis and Zigmantas have demonstrated a measurement scheme somewhat similar to our own in a non-collinear box geometry experiment, using two mechanical choppers to modulate the first two (of three) beams that excite a nonlinear signal, with detection at the sum and difference chopping frequencies [47] . That experiment, however, does not isolate different signal components using amplitude-intensity modulation reference frequencies. This reflects a fundamental difference between the two experimental geometries, as the third pulse acts only as an excitation source in the box measurement, while it serves as both excitation and local oscillator in the partially colinear experiment. From a technical perspective, using AOMs for modulation within an apparatus where high phase stability among pulses is vital may be preferable to rapidly moving chopper blades if the experiment is vulnerable to acoustic noise. In our own apparatus we have not been able to perform interferometrically stable experiments using mechanical chopping at the frequencies that would shift the measurement bandwidth beyond the most significant sources of laboratory noise. Augulis and Zigmantas's method enjoys the significant advantage of a fast readout CCD to detect a modulated signal, rather than the single photodiode used in our measurements. The next logical extension of our technique is to replace the amplified photodiode and lock-in amplifier with a fast CCD, and to perform the demodulation in silico after data collection is concluded. This would permit simultaneous measurement of each isolated term in the nonlinear signal across the entire spectral range of the experiment.
During the development of this experiment we studied unconventional signal components in other nonlinear measurements. Briefly, we isolated signal terms from twophoton absorption autocorrelations using various demodulation frequencies [32] . We also replicated dR measurements on quantum well samples using hybrid demodulation reference frequencies, but have not yet developed as simple a model for the observed signal -indistinguishable from that found using conventional difference frequency detection, but with dramatically reduced signal amplitude and correspondingly worse signal-to-noise. We suspect that since the conventional difference detected pump-probe term ∝ |E 1 | 2 |E 2 | 2 is linear in the coupling constant describing the light-matter interaction, little of interest will be found by isolating other terms in the nonlinear signal.
IV. CONCLUSION
We have demonstrated the measurement of homotime FWM signals from a prototypical condensed matter system in a pump-probe geometry. We have shown that this measurement provides sufficient information to characterize the nonlinear third-order optical response of a sample, and suggested a clear method to perform completely collinear measurements using this same technique. The differences between homodyne, heterodyne, and homotime measurements have been described. Homotime FWM detected using an atypical demodulation measurement scheme has been shown to provide useful information unavailable using familiar lock-in methods. We have described the development of a fast CCD based experiment useful for low noise multidimensional spectroscopy measurements.
APPENDIX EXPERIMENTAL DETAILS
Experiments were performed on a 10nm GaAs quantum well capped with AlGaAs. The quantum well sample was held in a continuous flow liquid Helium cryostat at approximately 5K, and illuminated with a time averaged power of 1.75mW (approximately 23pJ/pulse) in each laser beam. The spot size, measured with a razor blade, was approximately 0.00038cm 2 . These experiments used the output of a Coherent Mira 900D laser producing 120-150fs duration pulses at approximately 76MHz, centered at 797nm, with approximately 10nm bandwidth.
The pump pulse pair were generated with a Mach-Zehnder interferometer with a JML corner cube on a 20cm Aerotech stage controlled by the experiment pc. A temperature stabilized cw Melles Griot HeNe laser measured path length fluctuations in the interferometer, generating an error signal used to servo a piezo-mounted mirror in one interferometer arm. The servo system had a bandwidth of several kHz, limited by mechanical resonance. It actively stabilized the phase between the pump pulses, typically achieving better than λ 150 (where λ = 632.8nm) stability. The experiment was enclosed inside a 3/8 aluminum box on a pneumatically suspended optical table (Newport) for passive stability.
The beamsplitters were custom parts from CVI-Melles Griot for ultrafast laser pulses. The mirrors were uncoated silver mirrors from JML for pulsed lasers. Polarcor thin film polarizers and waveplates from Custom Optics were used to adjust beam powers. Lenses to focus the beams on the sample and collect the reflected light were BK-7 glass with near-IR anti-reflection coating, from Thorlabs. A CVI-Melles Griot dichroic mirror transmitted the Ti:Sapph and reflected the HeNe. A short pass Thorlabs filter prior to the interferometer photodiode blocked the Ti:Sapph laser while passing the HeNe through to this homebuilt detector.
We used three identical AOMs from Gooch & Housego (Gooch & Housego/Neos Technologies AOBD model 46080-2-LTD). The AOMs were driven by a modulated RF signal. An 80MHz carrier for each AOM was produced by an independent reference oscillator (Crystek CPRO33-80.000) capacitively coupled to an RF mixer, where it was combined with a lower frequency RF signal -typically 1 -2 MHzgenerated by a four-channel, computer controlled DDS function generator (Novatech 409b). An HP 8657A function generator generated an RF carrier to deflect the cw HeNe beam. RF attenuators, amplifiers, and splitters from Mini-Circuits combined the RF signals driving the AOMs. We compared our results with those obtained using a commercial dual channel AOM driver, from APE (APE DFD-80).
The reflected probe beam was collected, spectrally resolved with a 0.5m monochromator with 1200 g/mm gratings, and measured with a biased silicon PIN photodiode terminated to provide >100 kHz of bandwidth. A precision pre-amplifier (Stanford Research Systems SR 560) was used to filter and amplify the photovoltage, which was then sent to a lock-in amplifier for measurement. Data were read from the lock-in (SR 830) via GPIB interface. Home written Labview software controlled the unlocking and locking of the interferometer, the movement of the pump beam translation stage to change the τ delay, the lock-in amplifier readout of the detected signal, and all data logging. ACKNOWLEDGMENTS T.W.J. would like to thank Travis Briles for his insightful help. This work was conducted in the Department of Physics at the University of Texas-Austin and the James Franck Institute at the University of Chicago.
